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Abstract
We study the deformation theory of Galois representations whose restriction to every decomposition
subgroup is abelian. As an application, we construct unramified non-solvable extensions over the field
obtained by adjoining all p-power roots of unity to the field of rational numbers.
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0. Introduction
In this paper, we study the deformation theory of locally abelian Galois representations and
use this to construct large non-solvable unramified extensions over cyclotomic fields of infinite
degree.
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S. Ohtani / Journal of Number Theory 120 (2006) 272–286 273Let f¯ be a normalized cuspidal eigenform of weight 2  w  p − 1 on SL2(Z) with coeffi-
cients in a finite field k of characteristic p  5 and let
ρ¯f :GQ,{p,∞} → GL2(k)
be the continuous semi-simple Galois representation associated to f¯ . Here GQ,{p,∞} is the Galois
group of the maximal algebraic extension of Q unramified outside {p,∞}. If f¯ is p-ordinary,
then we denote by To the universal ordinary Hecke algebra for ρ¯f (see Section 3.1). Under
some assumptions, ρ¯f is locally abelian, i.e., the image of every decomposition group by ρ¯f is
abelian (see Definition 1.1), and we shall show that there exist a non-zero element b′ in To and a
deformation ρ′ of ρ¯f to T′ := To/(b′) such that ρ′ is also locally abelian.
Our main result is the following:
Theorem 0.1. Let f¯ and ρ¯f be as above. Assume that the following four conditions are satisfied:
(a) the image of ρ¯f contains SL2(k);
(b) f¯ has a companion form ( for the definition, see Section 3.2);
(c) To is isomorphic to W(k)T ;
(d) w − 1 is prime to p − 1.
Let F be the splitting field of the deformation of ρ¯f to T′. Then FQ(ζp∞) is an unramified Galois
extension over Q(ζp∞) whose Galois group is isomorphic to SL2(T′), and the Krull dimension
of T′ is equal to 1.
Here, W(k) means the ring of Witt vectors of k, and AT  a power series ring of one parame-
ter over a ring A. Also, we denote by Q(ζp∞) the field obtained by adjoining all p-power roots
of unity to Q for a prime number p.
From Theorem 0.1, we obtain the following:
Corollary 0.2. For each prime number p = 107,139,271 and 379, there exists a Galois exten-
sion F over Q such that FQ(ζp∞) is an unramified Galois extension over Q(ζp∞) whose Galois
group is isomorphic to SL2(T′). Here the coefficient ring T′ is isomorphic to ZpT /(b′).
The construction problem of unramified abelian extensions over algebraic number fields of
finite degree has a long history dating back to Hilbert’s 12th problem (Hilbert [13]). On the
other hand, much less is known about the construction of unramified non-abelian extensions.
However, if the base field is the total cyclotomic field, i.e., the maximal abelian extension Qab
of Q, then we can construct such extensions relatively easily. The case where the Galois group
is isomorphic to An has been studied by many people, e.g., Scholz [19,20], Yamamoto [25, §3,
Proposition 1], Uchida [21, Theorem 1] and [22, Theorem 1]. Also, in the case where the Galois
group is any finite solvable group, we have a result of Uchida [23, Theorem 3]. In addition,
Asada [2, Theorem 3] constructed an infinite family of such extensions whose Galois groups are
isomorphic to PSL2(Z/prZ).
We are interested in constructing unramified Galois extensions with Galois group, say
SL2(Zp). Over a larger algebraic number field such as Q(ζp∞)ab, this was done in our previ-
ous work [18], where we gave a more general construction by using division points of abelian
varieties with everywhere semistable reduction. However, no explicit constructions have been
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as SL2(Zp). Our aim in this paper is to develop a more systematic method of constructing large
non-solvable unramified extensions over Qab, in fact, over a smaller subfield such as Q(ζp∞).
The idea of our proof of Theorem 0.1 is as follows: We start with an absolutely irreducible
odd modp Galois representation
ρ¯ : Gal(Q¯/Q) → GL2(k),
which is unramified outside {p,∞}. If the image of a decomposition subgroup Dp at p is abelian,
then, by a lemma due to Ihara (Asada [1, Proposition 1]), the splitting field of ρ¯ becomes unram-
ified also at p when it is composed with Qab. If in addition such a representation is modular (in
fact, it is always modular by Khare [14, Theorem 1.1]), then it is known to arise from a normal-
ized cuspidal modp eigenform f¯ on SL2(Z) with companion form by Gross [9], and examples
of such forms have been found by Elkies and Atkin (see Section 3.2). Thus we are naturally lead
to the notion of locally abelian Galois representations.
In order to obtain larger Galois extensions, we deform such a representation ρ¯ keeping the
condition that the image of Dp be abelian. By Mazur [16, §20, Proposition 2], any Galois rep-
resentation lifting ρ¯ comes from a single package, which is called a universal deformation, in
particular, from a single representation into GL2 with coefficients in a single complete noetherian
local ring. The coefficient ring Runiv is called a universal deformation ring of ρ¯ (see Section 1.1).
Moreover, by standard arguments of Mazur [16], the locally abelian Galois representations lifting
ρ¯ correspond to a quotient ring of Runiv (see Proposition 1.2). Thus the classification of locally
abelian Galois representations lifting ρ¯ boils down to an explicit description of the quotient ring
Rlab, the universal locally abelian deformation ring of ρ¯.
Among locally abelian representations, of special importance in our applications are those
which are p-extraordinary and nearly p-extraordinary. Here we say that a two-dimensional Ga-
lois representation is nearly p-extraordinary if its restriction to Dp is diagonalizable. Moreover,
if it is p-ordinary, then we say that it is p-extraordinary (see Definition 1.3). We shall prove the
following:
Theorem 0.3. Let k be a finite field of characteristic p  3. If a continuous representation
ρ¯ :GQ,{p,∞} → GL2(k)
is absolutely irreducible and nearly p-extraordinary (respectively p-extraordinary), and satis-
fies Assumption 1.4 in Section 1.2, then there exists a universal nearly extraordinary (respectively
extraordinary) deformation ring Rneo (respectively Reo) of ρ¯. Moreover, if ρ¯ satisfies Assump-
tion 1.5 in Section 1.2, then the kernel of the natural epimorphism from Runiv to Rneo (respec-
tively Reo) is an ideal which can be generated by two (respectively three) elements.
If ρ¯f is as in Theorem 0.1, then we see that ρ¯f satisfies every assumption in Theorem 0.3. In
particular, ρ¯f is p-extraordinary. We can describe Reo in more detail. Indeed, by Theorem 0.3
and Mazur [15, Main Proposition], Reo is a quotient of the universal ordinary deformation ring
Ro of ρ¯f by a certain non-zero principal ideal (b) (see Corollary 2.2). On the other hand, it is
known that there exists a natural epimorphism from Ro to To, which is, in fact, an isomorphism
by our assumptions (see Conjecture 3.1 and note following it). Hence if we denote by T′ the
quotient of To by the image of (b), then Reo is isomorphic to T′. Moreover if To is isomorphic
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the representation
ρ′ :GQ,{p,∞} → GL2(T′)
obtained from the universal ordinary deformation of ρ¯f and the natural homomorphism
GL2(Ro) → GL2(T′). Letting F be the splitting field of ρ′, we see that FQ(ζp∞) is an un-
ramified Galois extension over Q(ζp∞). In order to determine the Galois group, we shall use a
lemma due to Fischman (see Lemma 4.1). Thus we obtain Theorem 0.1.
In particular, if f¯ is a modp cusp form found by Elkies and Atkin as in Example 3.2, then
To is isomorphic to ZpT  (Gouvêa [7, p. 193]). We can check that four of five examples satisfy
every assumption in Theorem 0.1, and obtain Corollary 0.2.
Remark. We show that the Krull dimension of T′ is equal to 1. However, Corollary 0.2 is not
enough to show that the Galois group SL2(T′) of our extension over Q(ζp∞) is SL2(Zp), where
T′ = ZpT /(b′). It may be the group such as SL2(FpT ). Our next interest is to solve the
question: “Is the generator b′ divisible by p or not ?” This question may be related to the work
of Ghate and Vatsal [6].
1. Deformation theory of locally abelian representations
1.1. Review of Mazur’s deformation theory
First we recall the deformation theory by Mazur [16] in this section. Let p be a prime number,
and k a finite field of characteristic p. A coefficient-ring means a complete noetherian local ring
A with residue field k, and a coefficient-ring homomorphism means a continuous homomorphism
of coefficient rings A → A′ such that the inverse image of the maximal ideal of A′ is the maximal
ideal of A and that the induced homomorphism on residue fields is the identity. For a fixed
coefficient-ring Λ, if A is a coefficient-ring and a Λ-algebra, then we call A a coefficient-Λ-
algebra. Throughout this section, we fix p, k and Λ.
Let Π be a profinite group, and h :A1 → A0 a coefficient-ring homomorphism. If ρ0 :Π →
GLN(A0) is a continuous homomorphism for a positive integer N , then a deformation of ρ0 to
A1 is defined to be a strict equivalence class of liftings of ρ0 to A1, where two liftings ρ1 and ρ′1
are called strictly equivalent if they are conjugate by an element of the kernel of h.
We assume that Π satisfies the p-finiteness condition, i.e., for all open subgroups Π0 in Π
of finite index, there exist only a finite number of continuous homomorphism from Π0 to Z/pZ.
Throughout this subsection, we fix Π , N and a continuous homomorphism
ρ¯ :Π → GLN(k).
Then we denote by Dρ¯ the functor on the category CˆΛ whose objects are coefficient-Λ-
algebras A, which associates with each A the set Dρ¯(A) of deformations of ρ¯ to A. By Mazur
[16, §20, Proposition 2], if ρ¯ is absolutely irreducible, then the functor Dρ¯ is representable. We
call the coefficient-Λ-algebra Runiv representing the functor Dρ¯ a universal deformation ring of
ρ¯ and a canonical element
ρuniv :Π → GLN
(
Runiv
)
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the universal property.
Next we would like to restrict the deformation problem of ρ¯ to deformations of ρ¯ which satisfy
prescribed conditions. We consider the category FN whose objects are pairs (A,V ) consisting
of an artinian coefficient-Λ-algebra A, and a free A-module V of rank N endowed with A-linear
continuous Π -action. A morphism in FN from an object (A,V ) to an object (C,W) consists of
a pair of morphisms A → C (of artinian coefficient-Λ-algebras) and V → W (of A-modules)
inducing an isomorphism of A-modules V ⊗A C  W which is compatible with Π -action in the
evident sense. Let DFN be a full subcategory of FN whose objects satisfy a condition D. Then
we consider the following three conditions on DFN :
(1) For any morphism (A,V ) → (C,W) in FN , if (A,V ) is an object of DFN , then so is
(C,W).
(2) Let A, B and C be artinian coefficient-Λ-algebras fitting into a diagram
A
α
B
β
C.
We consider an object (A ×C B,V ) in FN and denote by VA and VB the tensor product of
V with respect to the natural projections 1 ×C β and α ×C 1 from A ×C B to A and B ,
respectively. Then (A×C B,V ) is an object in DFN if and only if both (A,VA) and (B,VB)
are objects of DFN .
(3) For any morphism (A,V ) → (C,W) in FN , if (C,W) is an object of DFN and A → C is
injective, then (A,V ) is an object of DFN .
We denote by V¯ the N -dimensional k-vector space kN with k-linear Π -action given by ρ¯. We
call D a deformation condition for ρ¯ if DFN satisfies (1)–(3), and contains (k, V¯ ) as an object.
Note that condition (3), in fact, follows from conditions (1) and (2) by Dickinson’s proposition
in Gouvêa [8, Proposition 6.11].
Assume that we are given a deformation condition D. For a coefficient-Λ-algebra A and a
homomorphism ρ :Π → GLN(A) lifting ρ¯, we denote by V (ρ) the free A-module AN with
Π -action given by ρ. Then we define a subfunctor Dρ¯ of Dρ¯ by the following rule: For any
artinian coefficient-Λ-algebra A and any element ρ in Dρ¯(A) representing a strict equivalence
class of lifting ρ of ρ¯ to A, then ρ is in the subset Dρ¯ (A) of Dρ¯(A) if and only if (A,V (ρ)) is
in DFN . We may extend the functor Dρ¯ to CˆΛ by continuity. By Mazur [16, §23, Corollary], if
ρ¯ is absolutely irreducible, then the subfunctor Dρ¯ is representable by a quotient ring of the ring
representing Dρ¯ . Then we call the coefficient-Λ-algebra RD representing the subfunctor Dρ¯ a
universal D-deformation ring of ρ¯ and a canonical element
ρD :Π → GLN
(
RD
)
of Dρ¯ (RD) a universal D-deformation of ρ¯, which are uniquely defined up to isomorphism by
the universal property. Note that RD is a quotient ring of Runiv.
S. Ohtani / Journal of Number Theory 120 (2006) 272–286 2771.2. Locally abelian, nearly extraordinary and extraordinary
First we give the definition of locally abelian representations.
Definition 1.1. Let N be a positive integer and A a coefficient-Λ-algebra. Let L be an arbitrary
Galois extension over an algebraic number field K . If
ρ : Gal(L/K) → GLN(A)
is a continuous representation whose restriction to the decomposition subgroup at any prime of
L is abelian, then we say that the representation ρ is locally abelian.
If we denote by GQ,S the Galois group of the maximal algebraic extension unramified outside
a finite set S of places of Q with p and ∞ in S, then GQ,S satisfies the p-finiteness condition
(cf. Mazur [16, pp. 246–247]). We assume that a continuous representation
ρ¯ :GQ,S → GLN(k)
is locally abelian. Then we see that the condition of being locally abelian is a deformation con-
dition for ρ¯ because conditions (1) and (2) in the previous subsection hold. Hence we obtain the
following:
Proposition 1.2. If ρ¯ is absolutely irreducible and locally abelian, then there exist a universal
locally abelian deformation ring Rlab of ρ¯ and a universal locally abelian deformation ρlab of ρ¯.
Recall that our problem reduces to describing Rlab explicitly. However, it is not easy to know
its structure directly. Hence we consider the following two-dimensional representations.
Definition 1.3. If L is an arbitrary Galois extension over an algebraic number field K , then we
denote by D℘ and I℘ the decomposition subgroup and the inertia subgroup at a prime ℘ of L
dividing p in Gal(L/K), respectively. Let A be a coefficient-Λ-algebra. Then a two-dimensional
representation
ρ : Gal(L/K) → GL2(A)
or its representation space V = V (ρ) is called nearly p-ordinary if there exists a non-trivial
D℘ -stable sub-A-module V1 which is a direct summand of V of A-rank 1. Moreover if there
exists a non-trivial D℘ -stable sub-A-module V2 of A-rank 1 such that V = V1 ⊕ V2, then we
say that ρ (or V ) is nearly p-extraordinary. In addition, if V1 is exactly equal to the sub-A-
module V I℘ of I℘ -invariants of V , then we say that ρ (or V ) is p-ordinary, p-extraordinary
respectively. If p is understood, we refer to p-ordinary (respectively p-extraordinary) as simply
ordinary (respectively extraordinary).
Note that a nearly p-extraordinary representation, in general, is not locally abelian. But, our
representation is unramified outside {p,∞}. Hence it is also locally abelian.
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(
ϕ1 u
0 ϕ2
)
,
for characters ϕi :D℘ → A× for i = 1,2, and a continuous function u :D℘ → A. If ρ is nearly
p-extraordinary, then u is a zero function. Also, if ρ is p-ordinary, then ϕ1 is trivial on I℘ .
Throughout this paper, we always assume the following:
Assumption 1.4. ϕ¯1 is not equal to ϕ¯2 on I℘ , where ϕ¯i :D℘ → k× is the reduction of ϕi for
i = 1,2.
Here we denote by χ :D℘ → k× the cyclotomic character. From the next section, we will
assume also the following:
Assumption 1.5. ϕ¯1 ◦ ϕ¯−12 is isomorphic to neither χ nor χ−1.
Our purpose in this section is to prove the first half of Theorem 0.3. By the argument in
Section 1.1, it follows from the following:
Lemma 1.6. If D is the condition of being nearly p-extraordinary, then D is a deformation
condition for ρ¯. Moreover, if ρ¯ is p-extraordinary and D′ ⊂ D is the condition of being p-
extraordinary, then D′ is a deformation condition for ρ¯.
Proof. We only have to check properties (1) and (2) in the previous subsection.
Proof of property (1). For any morphism (A,V ) → (C,W) in FN , we assume that (A,V ) is
an object of DFN . We may put V = V1 ⊕V2, where Vi is a non-trivial D℘ -stable sub-A-module
of A-rank 1 for i = 1,2. Then we have isomorphisms
W  V ⊗A C  (V1 ⊗A C)⊕ (V2 ⊗A C)
of C[D℘]-modules, where Vi ⊗A C is a sub-C-module of C-rank 1 for i = 1,2. Hence (W,C)
is an object of DFN .
Moreover we assume that (A,V ) is an object of D′FN . Since V1 is equal to V I℘ , we have
V1 ⊗A C  WI℘ by Mazur [16, §30, Lemma 1(a)]. Therefore (W,C) is an object of D′FN .
Proof of property (2). We give a diagram
A
α
B
β
C.
Assume that (A×C B,V ) is an object of DFN (respectively D′FN ). By property (1) above, we
see that both (A,VA) and (B,VB) are objects of DFN (respectively D′FN ).
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VA,1 ⊕ VA,2 and VB = VB,1 ⊕ VB,2, where VA,i (respectively VB,i ) is a non-trivial D℘ -stable
sub-A-module of A-rank 1 (respectively sub-B-module of B-rank 1) for i = 1,2. Then we have
VC := VA ⊗A C  (VA,1 ⊗A C)⊕ (VA,2 ⊗A C),
and VC,i := VA,i ⊗A C is of C-rank 1 for i = 1,2. Moreover the mappings VA,i → VC,i and
VB,i → VC,i come by tensoring VA,i and VB,i with α and β , respectively. Then we see that
VA,i ×VC,i VB,i is of (A×C B)-rank 1 and we have the isomorphisms
V  VA ×VC VB  (VA,1 ×VC,1 VB,1)⊕ (VA,2 ×VC,2 VB,2)
as (A×C B)[D℘]-modules. Hence we see that (A×C B,V ) is an object of DFN .
Moreover we assume that (A,VA) and (B,VB) are objects of D′FN . Since VA,1 (respectively
VB,1) is equal to V I℘A (respectively V
I℘
B ), we have
VC,1  V I℘C and VA,1 ×VC,1 VB,1  V I℘
by Mazur [16, §30, Lemma 1]. Therefore (A×C B,V ) is an object of D′FN . 
2. Proof of Theorem 0.3
Let p be an odd prime number and k a finite field of characteristic p. We put S = {p,∞}, and
fix a continuous representation
ρ¯ :GQ,{p,∞} → GL2(k).
In this section, we shall complete the proof of Theorem 0.3 in the introduction. We follow closely
the proof of the Main Proposition in Mazur [15].
We assume that ρ¯ is absolutely irreducible and nearly p-extraordinary. In addition, we assume
Assumptions 1.4 and 1.5 in Section 1.2. Let L be the splitting field of ρ¯ and L(p) the maximal
pro-p extension of L unramified outside S. If we put P = Gal(L(p)/L), G = Gal(L/Q), and
Π = Gal(L(p)/Q), then we obtain a short exact sequence
1 → P → Π → G → 1.
It is known that all liftings of ρ¯ factors through Π . Hence we think ρ¯ to be a homomorphism
from Π to GL2(k).
Fix an embedding ιp : Q¯ ↪→ Q¯p , and let D and I be the decomposition subgroup and the
inertia subgroup of Π relative to ιp , and D0 and I 0 pro-p Sylow subgroups in D and in I , re-
spectively. Since ρ¯ is nearly p-extraordinary, I 0 is normal in I and D0 is normal in D. We put
B = D/D0 and A = I/I 0. By Schur–Zassenhaus’ theorem (cf. Boston [3, Proposition (2.1)]),
we have a lifting A ↪→ I and a compatible lifting B ↪→ D. Fix such liftings, and identify A
(respectively B) with its image in I (respectively D). Then we have semi-direct product decom-
positions I = A I 0 and D = B D0. Let Kv be the intermediate field in the extension Q¯p/Qp
which is fixed by the kernel of the natural mapping from Gal(Q¯p/Qp) to B , so that Gal(Kv/Qp)
is isomorphic to B . Then we have the following:
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following properties:
(1) The subgroup B ↪→ D is in the centralizer of z.
(2) If Kv contains no primitive pth root of 1, the element y is trivial. Otherwise, it satisfies the
following commutation relation with elements of B: For g ∈ B ,
gyg−1 = yχˆ(g),
where χˆ :B → Z×p is the Teichmüller lifting of the cyclotomic character χ :B → F×p , which
defines the natural action of B on the subgroup of pth roots of unity in Kv . Exponentiation
above refers to the operation of raising an element in a pro-p-group to a p-adic unit power.
(3) The elements {gxg−1(g ∈ B),y, and z} generate D0 as a pro-p-group.
(4) The closed normal subgroup generated by the elements {gxg−1(g ∈ B), and y} is equal
to I 0.
We now give the proof of Theorem 0.3. We may think the universal deformation of ρ¯ as a
homomorphism
ρuniv :Π → GL2
(
Runiv
)
,
which is determined only up to strict equivalence. Let π :Runiv  Rneo be the natural epimor-
phism. Then we let
ρneo :Π → GL2
(
Rneo
)
be the induced homomorphism π∗ ◦ ρuniv. If we denote by M  Runiv ×Runiv the representation
space of the restriction of ρuniv to the decomposition group D, then the representation space
Mneo of the restriction of ρneo to D is M ⊗Runiv Rneo. The image of D by ρneo is a subgroup of
diagonal matrices in GL2(Rneo) with respect to some basis (e1, e2) of Mneo. Then we can find a
basis (eˆ1, eˆ2) of M such that eˆ1 and eˆ2 are lifts of e1 and e2, respectively, and such that the image
of B by ρuniv lies in the subgroup of diagonal matrices in GL2(Runiv). We fix the homomorphism
ρuniv with respect to this basis (eˆ1, eˆ2).
Let x, y and z be elements in D0 having the properties stipulated in Lemma 2.1. First, we see
that ρuniv(z) is a diagonal matrix in GL2(Runiv) by property (1) and Assumption 1.4. Second, we
see that ρuniv(y) = 1. Indeed, if Kv contains no non-trivial pth root of unity 1, then y is trivial
and there is nothing to prove. Hence we show it in the case where Kv contains a non-trivial pth
root of unity 1.
We put u = ρuniv(y) in GL2(Runiv) and denote by u¯ its reduction modulo the kernel of the
mapping induced by Runiv → k. Since y is in I 0, it follows that u¯ is either trivial or of order p,
and in particular, unipotent. On the other hand, u¯ is a diagonal matrix, so we have u¯ = 1. Next
we prove u = 1 inductively. Let I2 ⊂ I1 be open ideals in Runiv, and uj the projection of u to
Runiv/Ij for j = 1,2. We may assume that Runiv/I2  Runiv/I1 is an extension whose kernel is
a principal ideal generated by an element ε and is annihilated by the maximal ideal m of Runiv.
We assume u1 = 1. Then we may put u2 = 1 + ε · M , where M is a 2 × 2 matrix with entries
in k. By property (2), we have
ρ¯(g) ·M · ρ¯(g)−1 = χ(g) ·M
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Assumption 1.5, we see that M must vanish, and that u2 = 1. Note that this is the only place we
use Assumption 1.5. By similar repeating, we obtain ρuniv(y) = u = 1.
Finally we consider ρuniv(x). We put
ρuniv(x) =
(
a b
c d
)
.
Since ρneo(x) is a diagonal matrix, π factors through R′ := Runiv/(b, c). We denote by π ′ the
natural projection from Runiv to R′ and by π1 the mapping from R′ to Rneo induced by π . If we
denote by
ρ′ :Π → GL2(R′)
the induced homomorphism π ′∗ ◦ ρuniv, then ρ′ is nearly p-extraordinary by property (3). There-
fore, by the universality of Rneo, there exists the unique homomorphism π2 from Rneo to R′ with
π ′ = π ◦ π2. Thus we obtain an endomorphism π1 ◦ π2 on Rneo. Since Rneo is noetherian, and
π1 ◦ π2 is surjective, we see that it is an isomorphism. Hence (π1 ◦ π2)∗ ◦ ρneo is equal to ρneo
up to conjugation. Then we have (π1 ◦ π2)∗ ◦ trρneo = trρneo. Since ρ¯ is absolutely irreducible,
we see that (π1 ◦ π2)∗ is the identity by Mazur [16, §25, Proposition 1]. Hence we see that Rneo
is equal to Runiv/(b, c). Thus we obtain Theorem 0.3.
Similarly, we obtain the proof in the case where ρ¯ is p-extraordinary. Then we see that Reo is
equal to Runiv/(a − 1, b, c). Thus we obtain Theorem 0.3.
We now assume that ρ¯ is absolutely irreducible and p-extraordinary. In particular, ρ¯ is p-
ordinary. Hence there exists a universal ordinary deformation ring Ro of ρ¯ by Mazur [15, §30,
Proposition 3]. By applying the proof of Mazur [15, §9, Proposition], we see that Ro is equal to
Runiv/(a − 1, c). Hence we obtain the following corollary which is a generalization of Ghate [5,
§4, Corollary]:
Corollary 2.2. (Cf. Mazur [15, §9, Proposition].) If ρ¯ is absolutely irreducible, p-extraordinary
and satisfies Assumptions 1.4 and 1.5, then the kernel of the natural epimorphism from Ro to
Reo of ρ¯ is a principal ideal.
3. Universal extraordinary deformation ring
In this section, we study the universal extraordinary deformation ring in more detail in the
case where ρ¯ is associated to a modp cusp form of level 1 with companion form.
3.1. Universal ordinary Hecke algebra
Let p be an odd prime number and f = ∑∞n=1 anqn a classical normalized cuspidal eigen-
form of weight w  1 and nebentypus character ε on Γ1(pν) for some positive integer ν. Let
v :Of → k be a homomorphism from the ring Of generated by the Fourier coefficients an to a
finite field k of characteristic p, and Of,v the completion of Of with respect to the kernel of v.
Here, for an element a in Of,v , we denote by a¯ the projection to k. We say that a pair (f, v) is
ordinary, if ap is a unit in Of,v , equivalently if a¯p = 0.
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we say that ρ¯ is associated to (f, v) if, for all prime numbers  = p, we have
det
(
X − ρ¯(ϕ)
)= X2 − a¯X + ε¯()w−1,
where ϕ is a geometric Frobenius element. Then ordinary representations as defined in Sec-
tion 1.2 are associated to ordinary modular forms.
We assume that there exists an ordinary pair (f, v) to which ρ¯ is associated. Then we define a
universal ordinary Hecke algebra To for ρ¯ to be Hida’s Hecke algebra T in Mazur [15, §6, p. 125,
Definition]. If we denote by Λ the Iwasawa algebra, which is isomorphic to W(k)T , then it is
known that To is a finite flat Λ-algebra by Hida [10,11] . Hence its Krull dimension is equal to 2.
From the construction of To, we have a mapping from the universal ordinary deformation ring
Ro of ρ¯ to To, and it is known that it is surjective. Moreover we have the following:
Conjecture 3.1. (Mazur [15, §6, Conjecture].) The epimorphism Ro To is an isomorphism.
Note that many cases of this conjecture have now been proved thanks to the work of Wiles
[24] (and others). For example, if
• p  5;
• ρ¯ is absolutely irreducible when restricted to Q(√(−1)(p−1)/2 p );
• Assumption 1.4 is satisfied on ρ¯;
then it is known that Ro is isomorphic to To (cf. Hida [12, Theorem 5.29]).
3.2. Galois representations associated to cusp forms with companion forms
Let f¯ = ∑∞n=1 a¯nqn be a modp normalized cuspidal eigenform of weight w and character
ε¯ on Γ1(N0) with coefficients in a finite field k of characteristic p  3, where N0 is a positive
integer prime to p. Then there exists a continuous semi-simple Galois representation
ρ¯f : Gal(Q¯/Q) → GL2(k)
associated to f¯ which is unramified outside N0p and ∞.
Recall that if a¯p = 0, then ρ¯f is a p-ordinary representation. We assume that f¯ has weight 2
w  p and a¯p = 0. Moreover if w = p, then we assume a¯2p = ε¯(p). Then, by a result of Gross [9],
ρ¯f is p-extraordinary if and only if there exists a modp normalized eigenform g¯ =∑∞n=1 b¯nqn
over k of weight w′ = p + 1 −w and character ε¯ on Γ1(N0), whose Fourier coefficients satisfy
nwb¯n = na¯n for all n 1. Then we call f¯ has a companion form g¯.
Example 3.2. (Cf. Gross [9, pp. 512–513].) For a choice of weight w in the set {12,16,18,20,
22,26}, we denote by f = fw the unique normalized cusp form of weight w for SL2(Z). It gives
a modp eigenform f¯ for all prime number p. We assume that w  p. We denote by
ρ¯f,p : Gal(Q¯/Q) → GL2(Fp)
the unique semi-simple modp Galois representation associated to f¯ which is unramified outside
{p,∞}.
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that the image of ρ¯f,p contains SL2(Fp) and f¯ has a companion form. For p < 3500, such pairs
of the weight w of f and p are
(w,p) = (16,397), (18,271), (20,139), (20,379), (26,107).
Elkies also checked that p = 107 is the smallest prime number where there exists a pair of
companions of level N0 = 1.
3.3. Universal extraordinary deformation ring
Let f¯ be as in Section 3.2. We assume that f¯ is of level N0 = 1 and that p  5. Since ρ¯f
factors through GQ,{p,∞}, we think of ρ¯f as a homomorphism from GQ,{p,∞}:
ρ¯f :GQ,{p,∞} → GL2(k).
We assume that the image of ρ¯f contains SL2(k). Then ρ¯f is absolutely irreducible on
Gal(Q¯/Q), and so is when restricted to Q(
√
(−1)(p−1)/2 p ). Also, we assume that f¯ has a com-
panion form. Then ρ¯f is p-extraordinary. In addition, assume that f¯ is of weight 2  w  p−1.
Then ρ¯f satisfies Assumptions 1.4 and 1.5 because the restriction of det(ρ¯f ) to Ip is isomorphic
to χw−1. Here, we let Ip and Dp be an inertia subgroup and a decomposition subgroup at p in
Gal(Q¯/Q) or GQ,{p,∞}, respectively.
Let Reo be the universal extraordinary deformation ring of ρ¯f obtained by Theorem 0.3. By
Corollary 2.2, we see that Reo is isomorphic to Ro/(bo), where bo is the image of the generator
b in the proof of Theorem 0.3 by the natural epimorphism from Runiv to Ro. Here Runiv (respec-
tively Ro) is the universal (respectively ordinary) deformation ring of ρ¯f . On the other hand, we
let To be the universal ordinary Hecke algebra for ρ¯f as in Section 3.1. Now we define T′ to be
the quotient ring To/(b′), where b′ is the image of bo by the epimorphism from Ro to To. By our
assumptions, Conjecture 3.1 is true for our ρ¯f . Hence Reo is isomorphic to T′.
We assume that To is isomorphic to Λ = W(k)T . Since the Krull dimension of To is equal
to 2 and b′ is not unit in To, then the Krull dimension of T′ is equal to either 1 or 2. Then we
obtain the following:
Lemma 3.3. The Krull dimension of T′ is equal to 1.
Proof. By the work of Hida [10], if p  5, then there exists a universal modular ordinary
deformation ρmo of ρ¯f to To. Let ρ′ be the deformation of ρ¯f to T′ induced by the natural
homomorphism GL2(To) → GL2(T′).
We assume that the Krull dimension of To is equal to 2. Then b′ must be equal to 0. Hence To
is equal to T′, and ρmo is equal to ρ′ as a deformation. We can take a primitive ordinary Λ-adic
form F such that the strict equivalence class of the Galois representation ρF associated to F is
equal to ρmo. Since ρmo is p-extraordinary, the restriction of ρF to Dp must be diagonalizable.
By Ghate and Vatsal [6, Theorem 0.3], F must have complex multiplication, i.e., all arithmetic
specialization of F have complex multiplication. On the other hand, f does not have complex
multiplication because f is of level 1. Then the arithmetic specialization fw at weight w, which
is the corresponding p-stabilized form of f , does not have complex multiplication. This is a
contradiction. 
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In this section, we give the proof of Theorem 0.1 and Corollary 0.2. Let f¯ be a normalized
cuspidal eigenform of weight 2  w  p − 1 on SL2(Z) with coefficients in k of characteristic
p  5 and
ρ¯f :GQ,{p,∞} → GL2(k)
a continuous semi-simple Galois representation associated to f¯ . We assume that the image of ρ¯f
contains SL2(k), that f¯ has a companion form, and that To is isomorphic to Λ = W(k)T .
We think of ρmo as a homomorphism
ρmo :GQ,{p,∞} → GL2
(
To
)
which is determined only up to strict equivalence. Also, we let
ρ′ :GQ,{p,∞} → GL2(T′)
be the homomorphism induced by the natural homomorphism GL2(To) → GL2(T′), and F the
splitting field of ρ′. Since ρ′ is unramified outside {p,∞} and p-extraordinary, we see that
FQ(ζp∞) is an unramified Galois extension over Q(ζp∞).
Indeed, we let A be a coefficient-ring and ρ a locally abelian Galois representation of
Gal(Q¯/Q). If ρ is unramified outside N0p and ∞, where N0 is a positive integer prime to p,
then the local representation ρ of Gal(Q¯/Q) factors through its abelianization Gal(Qab /Q)
for each prime number  dividing N0p. Then we see that the restriction of ρ to Q(ζ∞) is
unramified at any prime lying above  because Qab of Q is isomorphic to the total cyclotomic
field over Q. Therefore the splitting field of ρ is unramified over the field obtained by adjoining
all N0p-power roots of unity. In particular, if N0 = 1, then it is unramified over Q(ζp∞).
Next we shall determine the Galois group of our extension. We now assume that w − 1 is
prime to p − 1. First we apply to To and ρmo the following lemma due to Fischman, which is a
modification of Boston’s result in Mazur and Wiles [17, Appendix by Boston, Proposition 3]:
Lemma 4.1. (Cf. Fischman [4, Proposition 3.16].) Let A be a coefficient-ring whose Krull di-
mension is 2, and maximal ideal is m= (p, τ ). In particular, A is regular and p is not contained
in m2. Let ρ : Gal(Q¯/Q) → GL2(A) be a continuous representation inducing ρ¯ : Gal(Q¯/Q) →
GL2(A/m). We assume that
(i) the image of ρ¯ contains SL2(A/m);
(ii) there exists a matrix ( 1 ∗0 (1+p)−1(1+τ)) in ρ(Ip);
(iii) for each element d in (A/m)×, there exists a matrix ( 1 ∗0 d
)
in ρ¯(Ip);
(iv) ρ(Ip) is contained in
{( 1 ∗
0 ∗
)}
.
Then the image of ρ contains SL2(A).
We show that the image of ρmo contains SL2(To). Indeed, conditions (i) and (iv) are satisfied
by our assumptions.
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Let F be a primitive ordinary Λ-adic form such that the associated Galois representation ρF
is isomorphic to ρmo. If ψ is the character of F , then the determinant of ρF on Ip is equal
to ψ · κ · χ˜−1. Here κ is the character obtained by composing the projection κ1 : Gal(Q¯/Q)
Gal(Q∞/Q)  1 + pZp , where Q∞ is the cyclotomic Zp-extension of Q, with the character
κ2 : 1 + pZp ↪→ Λ×, which takes (1 + p)s for s in Zp to (1 + T )s . Finally χ˜ : Gal(Q¯/Q)
Gal(Q(ζp∞)/Q)  Z×p is the p-adic cyclotomic character. Since f¯ is of level 1 and of trivial
character, we see that ψ is equal to ωw , where ω :Z×p → μp−1 is the Teichmüller character
of conductor p, and μp−1 is the group of (p − 1)st roots of unity. Since Z×p is isomorphic to
μp−1 × (1+pZp), the cyclotomic character χ˜ is isomorphic to ω ·κ1. Therefore, for any σ in Ip ,
we have
det(ρF )(σ ) = ωw(σ) · κ(σ ) · χ˜ (σ )−1 = ωw−1(σ ) · (1 + p)−s · (1 + T )s
for some s in Zp . Then we can choose σ in Ip so that ωw−1(σ ) = 1 and s = 1. Thus condition
(ii) is satisfied.
Also, we see that condition (iii) is satisfied. Indeed, the determinant of ρ¯f on Ip is equal to
χw−1 because we assume that w − 1 is prime to p − 1.
Thus we see that the image of ρmo contains SL2(To). Moreover, since w−1 is prime to p−1,
we see that the kernel of det(ρmo) is equal to the kernel of χ˜ . Hence the splitting field of det(ρmo)
is equal to Q(ζp∞). Since the induced homomorphism SL2(To) → SL2(T′) is surjective, the
restriction of ρ′ to Q(ζp∞) maps onto SL2(T′). Therefore the group Gal(FQ(ζp∞)/Q(ζp∞)) is
isomorphic to SL2(T′). This completes the proof of Theorem 0.1.
Finally we prove Corollary 0.2. Let ρ¯f = ρ¯f,p be as in Example 3.2. Then f¯ is of weight
2  w  p − 1, and ρ¯f,p satisfies conditions (a) and (b). Also, by Gouvêa [7, p. 193], ρ¯f,p
satisfies condition (c), where W(k) = Zp . The pairs of (w,p) which satisfy condition (d) are the
following four pairs:
(w,p) = (18,271), (20,139), (20,379), (26,107).
Thus we obtain Corollary 0.2.
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